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Infinite dimensional sequential compact-
ness: Sequential compactness based on
barriers*

C. Corral, O. Guzman, C. Lépez-Callejas, P. Memarpanahi, P. Szeptycki
and S. Todorcevié

Abstract. We introduce a generalization of sequential compactness using barriers on w extending
naturally the notion introduced in [W. Kubis and P. Szeptycki, On a topological Ramsey theorem,
Canad. Math. Bull., 66 (2023), 156—165]. We improve results from [C. Corral and O. Guzmén and C.
Lopez-Callejas, High dimensional sequential compactness, Fund. Math.] by building spaces that are 8-
sequentially compact but not C-sequentially compact when the barriers B and C satisfy certain rank
assumption which turns out to be equivalent to a Katétov-order assumption. Such examples are con-
structed under the assumption b = ¢. We also exhibit some classes of spaces that are B-sequentially
compact for every barrier 8, including some classical classes of compact spaces from functional anal-
ysis, and as a byproduct we obtain some results on angelic spaces. Finally we introduce and compute
some cardinal invariants naturally associated to barriers.

Introduction

A 2-dimensional version of sequential compactness was first considered by M.
Bojanczyk, E. Kopczyriski and S. Toruriczyk in [3] where they showed thatif f : [w]? —
K and K is a compact metric space, then there is an infinite set B € [w]®“ andx € K
such that for every open U 3 x, there exists m € w such that f/[B\ m]* C U. In this
case, x is said to be the limit of f | [B]?. Using this result, they show that every com-
pact metric semigroup has an idempotent that can be defined as the limit of naturally
defined f : [w]? — K.Itis natural to call this property 2-dimensional sequential com-
pactness and look for higher-dimensional versions. In fact, the notion of n-sequential
compactness was introduced and studied in [19] (called n-Ramsey in their paper) as a
natural generalization from the case n = 2 to all other positive integers n. A space X is
said to be n-sequentially compact if for every function f : [w]" — X there is an infinite
set M € [w]® and x € X such that for every open U > x there exists k € w such that
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2 Corral et al.

f"IM\ k]" € U. It was shown in [19] that every n-sequentially compact space is also
m-sequentially compact as longas m < n, and since 1-sequential compactness coincides
with classical notion of sequential compactness, every n-sequentially compact space is
also sequentially compact. On the other hand, they gave examples of n-sequentially com-
pact spaces that are not (n + 1)-sequentially compact (assuming CH for n > 1) and
proved that sequentially compact spaces of character less that b are n-sequentially com-
pact for all n € w among other results. Many of these results were further improved in
[7], where the study of n-sequentially compact spaces was carried on.

It should be mentioned that a related notion of Ramsey convergence was introduced
and studied by H. Knaust in [15]. Given an array {x; ; : 0 < i < j < w} in a space
X, it is said that it converges Ramsey-uniformly to a point x in X if there is an infinite
set M € [w]® such that for every open neighborhood U of x, there is k € w such that
xi,; € Uforeveryi,j € M with k <i < j.Knaust also defines a space X to have the
Ramsey property if given an array {x, m» : n < m < w} and a point x in the space X
such that lim,, e limy,—c0 Xn,m = X, the array {x,, , : n < m < w} converges Ramsey
uniformly to x. He then showed that every Rosenthal compact has the Ramsey property.
In the subsequent paper [16], Knaust showed that some classes of angelic spaces have the
Ramsey property, including function spaces C,, (X) over quasi-Suslin spaces X.

The purpose of this paper is to extend the notion of sequential compactness to infi-
nite dimensions. This is done using barriers of Nash-Williams [22], where the notion
of “dimension” is captured by the rank of the barrier which can be any countable
ordinal. Since the simplest examples of barriers are the families [w]", the notion of
“Barrier-sequential compactness” is a natural one.

We start in Section 2 by studying the general theory of barriers and stating many
results that are the main tools used in our proofs in later sections.

In Section 3 we study the classes of @-sequentially compact spaces and prove some
basic results. For this definition to make sense, we will show that this property depends
mostly on the rank of a given barrier and not on the particular recursive structure of it.

In Section 4 we show that sequentially compact spaces of small character and com-
pact bisequential spaces are @-sequentially compact for every @ < wj. As a Corollary,
we obtain that many classical classes of compact spaces are @-sequentially compact for
every a. We close the section with some comments on angelic spaces and we point out
that a space constructed in [19] and improved in [7] is an angelic space that fails to satisfy
the Ramsey property, answering a question of Knaust [15].

In Section 5 we present the constructions of spaces that are §-sequentially compact
but not @-sequentially compact for 8 < @, under the assumption of b = ¢. We also
analyze further the properties mentioned in Section 3 and their relation to @-sequential
compactness.

Finally, in section 6 we define and discuss a number of cardinal invariants associated
to these classes of spaces, and give some topological applications.

Our terminology and notation is mostly standard. In particular NV (x) stands for the
collection of open neighborhoods of x and for a finite set {bg, ..., by} € [w]=%, we
will always assume that it is written in increasing order.

We will be using a number of classical cardinal invariants of the continuum including
par, p b, s, 9, 1, t5. We refer the reader to [2] for the background on these cardinals.
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Infinite dimensional sequential compactness 3

Given an almost disjoint family A on a countable set N, we define its Franklin space
as then the one point compactification of W (A), i.e., F (A) = Y (A) U{eo}. Our coun-
terexamples are almost exclusively Franklin spaces. For more on almost disjoint families
and W-spaces see [14].

Any other set-theoretic notion and terminology is standard and can be found in [20]
and we refer the reader to [12] for topological terminology.

Barriers and fronts

We now introduce the basic concepts of barriers and fronts on [w]<%. This section
is mainly based on [1] and [26], although some results are new or adapted and will be
applied in subsequent sections where we will extend the theory of n-sequentially com-
pact spaces by defining the notion of barrier sequential compactness and ultimately
a-sequential compactness for all @ < w;.

For ¥ C [w]<® and M € [w]® let

FIM={seF :sC M}.
Recall that s C ¢ means that ¢ is an end extension of s and s C f means s C f and s # ¢.

Definition 2.1 A family ¥ C [w] =¥ is:

* Ramsey: if for every partition ¥ = Fo LI - - - U F, and for every N € [w]®, there is
M € [N]® such that all but at most one of the restrictions #;| M are empty.

* Nash-Williams: if s C t implies s = ¢ for s, € F.

* Sperner: if s C t implies s = ¢ for 5,1 € F.

Given a Ramsey family 7, applying the Ramsey property to the partition ¥ = %o U
(F \ Fo) where ¥y is the set of C-minimal elements in 7 we get the following:

Proposition 2.2 If ¥ is Ramsey, there exists M € [w]“ such that F|M is Sperner. m
Theorem 2.3  [22] Every Nash-Williams family is Ramsey. [ ]

The previous two results show that (at least if one is willing to pass to an infinite
subset) the three concepts of being Ramsey, Nash-Williams and Sperner are equivalent:

Ramsey = (some restriction is) Sperner = Nash-Williams = Ramsey.
Definition 2.4 A Nash-Williams family ¥ such that for every M € [w]® there is an
initial segment s & M with s € ¥ is called a front. If moreover ¥ is Sperner, we say that
F is a barrier on w.

The same argument for Proposition 2.2 can be used to show the following facts:

Fact 2.5 If F is a front on a countable set M, there exists N € [M]“ such that F|N is a
barrier.
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4 Corral et al.

Fact2.6  Forevery barrier B on M, if we partition B = ByU- - -LUB,, thereare N € [M ]«
and i < n such that B;|N is a barrier.

Given a barrier B, let
T(B)={se[w]“:TteB(sC1}
and pr(g) : T(B) — w; be given by

p1(8)(s) =sup{pr(s) (1) +1:1 € T(B) As T t},

where sup 0 = 0. We will omit the subindex 7'(8B) or replace it by 8 when no confusion
arises and we will often think of 7'(8) as a subtree of w<%.

Definition 2.7 For a barrier B on a countable set M, its rank is defined by p(8B) =
pr(8)(0).

It is worth to point out that in the definition of 7'(8), we can replace the condition
of being an initial segment of an element ¢ € B, to being a subset of some ' € B due to
the following fact.

Lemma 2.8 If B is a barrier on w, then for every s € [w] <%, there exists b € B such that
s C b if and only if there exists b € B such that s T b. In particular T(B) = {s € [w]=* :
dbe B(s<Cbh)}

Proof: Lets € [w]<* and b € B such that s C b. Define M = s U (w \ max(b) + 1).
We can find b’ € B such that &' C M and hence s C b’ since otherwise b’ = s C b
would contradict that B is a C-antichain. ]

Givena = {ag,...,a,}and b = {by, ..., by} with k < n, denote by a * b the end
replacement of a with b, defined as follows:

a*b={ao,...,an,k,l,bo,...,bk}.

Lemma 2.9 Let B be a barrier and a € B enumerated as a = {ay, . . .,a,—-1}. Then for
every b € [w\ (an-1)]=", there exists s € B such that a = b T s. In particular, b ¢ B.

Proof: Fixa = {ag,...,a,—1}and b = {bg,...,br_1} as in the lemma with k < n.
We will prove the Lemma by induction on k.

If k = 1thenb = {bo} forsome by > a,,_1.Let M € [w]® withaxb T M. Thereis
an s € B such that s T M. Notice that |s| > n since otherwise s C a would contradict
that B is Sperner. Thusa * b C s € B.

Now let k& > 1 and assume the result is true for k — 1. Pick any M € [w]%such
that a * b T M and let s € B be an initial segment of M. If |s| < n, then
s C{ag,...,an-k-1,bo,....,bx—2} € {ao,...,an—k,bo,...,bx_2} = a = b’ where
b’ = {bo,...,br_2}. Since |b’| = k — 1, by the inductive hypothesis we get that
s Caxb’ C s’ forsome s’ € B, contradicting that B is Sperner. Therefore |s| > n and
hencea *b C s € B. [
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Infinite dimensional sequential compactness 5

Corollary 2.10  If B is a barrier on w of rank k € N, there exists m € w such that B|(w \
m) = [w\ m]k.

Proof: Let B be a barrier of rank k. If there is a € B of size [, then p(B) > [. Thus
B C [w]=*.Itis also easy to see that B N [w]* # O since otherwise p(B) < k.

Take any a € B N [w]¥ and let m = max(a) + 1. By Lemma 2.9, if b € B|(w \ m)
has size less than k, we can find s € B suchthatb’ = a b C 5. As |b| < k we have that
b C b’ C s, which contradicts that B is Sperner. Hence B|(w \ m) C [w \ m]*.

On the other hand, for every b € [w \ m]¥, we can take an infinite set M such that
b © M. Thus there is an initial segment of M in B and from the previous inclusion it
must be the case that b € B. Therefore B|(w \ m) = [w \ m]. [ ]

Notation 2.11  Given a family B C [w]<%, s € [w]““ and n € w set

*c B(s)={teB:sCt}

« Bls]={t\s:teB(s)}

c s B={sUr:te€B A min(t) > max(s)},

c B+n={s+n:s€ B}, wheres+n={m+n:mé€ s}.

We write B(n), B[n] and n~ B instead of B({n}), B[{n}] and {n}~ B respectively.
Notice that some confusion may arise asn = {0, . . ., n — 1} but this notation won’t lead
to any confusion as 8(n) will always be interpreted as B({n}) and the same for B[n]
and n~ 8. We see that if B is a barrier on M, then B[n] is a barrier on M \ (n + 1).
Conversely, if B, is a barrier on M \ (n + 1) for everyn € M, then J,,cpy 1" B, is a
front on M and there is an infinite set on which its restriction is a barrier. We can now
describe a canonical barrier of rank w: The Schreier barrier S is the barrier of rank w
such that {0} € Sand S[n] = [w \ (n+ 1)]" for every n > 0. In other words, s € S if
and only if |s| = min(s) + 1.

Definition 2.12 We define the notion of an uniform barrier by induction on the rank.
For @ = 1, we declare the unique barrier B = [w]' as an uniform barrier. Let B be a
barrier on M € [w]® with p(B) = a.If @ > 1, we say that B is an uniform barrier if
each B[n] is an uniform barrier (on M \ (n + 1)) and

* pr(s)({n}) = Bforeveryn € wifa = B+ 1or
* {pr(s)({n}) : n € w} is an increasing sequence with limit « if @ is limit.

The following result together with Corollary 2.10 shows that all barriers of rank w
are somewhere uniform and preserve its rank in such restriction.

Proposition 2.13 If B is a barrier of rank w, there exists M € [w]® such that B|M is
uniform and has rank w.

Proof: By definition, we can find m; such that p({m;}) > i for everyi € w. By Corol-
lary 2.10, we can also find k; for every i € w, such that B[m;] = [w \ k;]™, where
n; = p({m;}). Notice that we can pick {m; : i € w} increasing and such that m;,; > k;.
It is now easy to see that M = {m; : i € w} works. [

2024/05/11 17:43



6 Corral et al.

A partial analogue for Proposition 2.13 for any barrier independently of its rank is
also true.
Proposition 2.14 [1] For every barrier 8 on w there exists an infinite set M € [w]¢
such that B8|M is uniform.

By Corollary 2.10, the only uniform barrier of rank k € w is [w]*. Thus Lemma 2.9
states that the sequence of ranks {o({n}) : n € w} is non decreasing and the sequence
{m; : i € w} can be taken to be the identity in the previous theorem. This shows that
the only way to get a non-uniform barrier of rank w is by embedding a non-uniform
barrier 8[n] on top of {n}, hence essentially, every barrier of rank w is uniform. This is
as far as we can go since there is a non uniform barrier 8 of rank w + 1 such that 8[n]
is uniform for every n € w.

Example 2.15 There is a non-uniform barrier of rank w + 1.

We define a barrier 8 by describing B(n) for every n € w. For every k € w, let
Si = {s € [w]=? : |s| = min(s) + k}, (hence the Schreier barrier is S7). If n is even
define B(n) =n~ (S, +n+1).Fornoddlet B(n) =n"[w\ (n+1)]".

Notice that for n even, pr(g)({n}) = w while for n odd, pr(g)({n}) =n+1.S0 B
is not uniform. Moreover, p(B|E) = w+ 1 but p(B|0) = w, where E is the set of even
numbers and O is the set of odd numbers.

It is clear that every infinite subset of w has an initial segment in 8 and that each B(n)

is a C-antichain. It remains to show that if s = {s¢,...,5;} € B(n),t = {to,...,t;} €
B(m) andn < m, thent ¢ s (the other contention is impossible as n € s \ ).
Let us first compute the size of an element b € B. Let b = {by,...,by}. If by

is odd, then b € B(bo) and it has size by + 1. Otherwise, b € b;(Sp, + bo + 1).
Let b’ = b\ {bo} € Sp, + bo + 1. It is clear that |b’| = |b’ — by — 1| and since
(0" = by —1) € Sp, and min(d” — by — 1) = by — by — 1, we conclude that |b’| =
|b' - b() - 1| = (b1 - b() - 1) + b() = bl — 1. Therefore |b| = bl.

We are now ready to show that s and ¢ are C-incomparable. If both n and m are odd
we have that [t| = m + 1 > n+ 1 = |s| and we are done. If both n and m are even, then
|s| = s1 and |t| = #; but 5o = n ¢ t implies that if 7 C s, hence |s| = 51 < 19 < 11 = |1,
which is a contradiction.

Similarly if n is odd and m is even, assuming that ¢ C s yields that |¢t| = #; > o > 51 >
so + 1 = [s|, a contradiction. Finally, if n is even and m is odd, and if we assume that
t C s we reach a contradictionas [t| =ty + 1 > 19 > 51 = |s]. [ ]

The persistence of the rank under restriction for a uniform barrier is the key property
of the notion of uniformity. We can imitate this behaviour by considering a lower bound
for the ranks of uniform restrictions of a given barrier 8.

Definition 2.16  Given a barrier B, let

spec(B) ={a < w; : IM € [w]® (B|M is uniform with rank @) }.

We define the uniform rank of B as p,,(B) = min(spec(B)).
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Infinite dimensional sequential compactness 7

In [19], it is inductively proved that sequentially compact spaces of character less
that b are n-sequentially compact for every n. To perform the induction on [w]™*!, it is
enough to notice that any element of [w]™*! has a unique initial segment in [w]™. It is
also true that any element in [w]” is end-extended by at least one element in [w]™*'.
This fact is used to analyze a splitting-like cardinal invariant in [7] that helps with the
construction of n-sequentially compact spaces that fail to be (n + 1)-sequentially com-
pact under some assumptions involving this cardinal. Other examples of results that use
this fact, are Ramsey’s theorem itself and the proof that par, = par, = max{b, s} in
[2]. In order to obtain analogous results in our framework, we will need a generalization
of this fact for barriers of any rank. The statement of Lemma 2.18 below and its proof
appear in [1] in a slightly different way, we add here a proof for completeness.

Notation 2.17  Given two families B, C C [w] = we denote by B C C if

*VseBIreC(sC),
*VteCIse B(sC).

Lemma 2.18  Given two barriers B and C on a countable set N € [w]®, there is an infinite
set M € [N]“ such that either B|M T C|M or C|M T B|M. Moreover, if p(8B) < p(C)
and C is uniform, then B|M T C|M necessarily holds.

Proof: Define By = {b € B:3c € C(b C ¢)}.Since B = By U (B\ By) we can find,
by Nash-Williams theorem, an infinite set M € [N]“ such that either, (8 \ By)|M =0
or Bo|M = 0.1f (B \ By)|M = 0 then we are done as this implies that B|M T C|M.
To see this notice that for every b € 8|M (and hence b € By), there is ¢ € C such that
b C ¢, butif we define X = b U (M \ max(b)), there is also ¢’ € C such that ¢’ C X.
As b C ¢ € C,it happens that b C ¢’ and ¢’ € C|M. For ¢ € C|M, we can also find
b € B|M suchthat b T ¢ U (M \ (max(c) + 1)). The case where ¢ C b is not possible
since b € By and thus there is another ¢’ € C|M such that b C ¢’.

Assume otherwise By|M = 0 and define Cy = {c € C|M : 3b € B|M(c C b)}.
Again by Nash-Williams theorem, we can find M’ € [M]* such that either Co|M’ = @
or (C\ Co)|M’ = 0. The case Co|M’ = 0 is impossible since we can find b € B|M’ C
BIM and ¢ € C|M’ such that b,c © M’ and then either b C c or ¢ C b contradicting
the choices of M and M’. Thus (C \ Cy)|M’ = 0 and as in the previous case we get that
ClM'EBIM'.

For the last assertion of the statement notice that if C|M T B|M, then T(C|M) C
T(B|M). In particular,

p(C) = p(CIM) = pr(cim)(0) < pr(81m)(0) = p(BIM) < p(B),
which finishes the proof. |

The previous lemma tells us that we can define a preorder on the family of all barriers
on w by defining B < C if there is an infinite set M such that B|M T C|M. One
may be tempted to say that the partial order defined by identifying B and Cif B8 < C
and C < B, collapses to w; when restricted to the family of uniform barriers, that
is, B < C if and only if p(8B) < p(C). However, the unpleasant fact about this is
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8 Corral et al.

that for two barriers B and C of the same rank, it is not always true that 8 < C and
C < B. For example, if B is the Schreier barrier and C is any uniform barrier defined
such that pr(¢)({n}) = f(n) for an increasing function f € w® that is strictly bigger
that the identity, then C £ 8. Notice that any uniform barrier 8 of rank w is completely
determined by a function f € w® that encodes the ranks of the first level on 7(8). A
more complex but naturally defined coding of the ranks of the successors of any element
s € T(B) also determines completely the structure of any barrier B.

We will see now that this function is the only obstruction and that, if one is willing to
compress some finite intervals of w into points, we can define a weaker relation between
barriers that depends only on their ranks and extends <. This will allow us to prove,
in some cases, that a property of barriers holds for all barriers of a given rank « (in
particular a space being “B-sequentially compact”) if and only if it holds for some single
uniform barrier of the same rank (e.g., Corollary 3.5).

Definition 2.19  Given two barriers 8 and C on a countable set M, we write C < B
if there is a finite-to-one, non decreasing function f € w® such that for every infinite
subset M’ € [M] there exists N € [M’]“ so that f | N is one-to-one and

- Vb e (BIN) 3c € C (c C f[b]).

Notice that if 8B is uniform and p(C) < p(8B),then C < B with f being the identity
map, since C|M < B|M for every restriction to an infinite set M. The condition that f |
N is one-to-one is superfluous as we can always shrink N in order to get this property,
but it will be convenient to add this to the definition to avoid saying it explicitly each
time we use the preorder <.

Having said this, it is clear that the relation < is transitive, that is, if C < Band D < C
is witnessed by f and g respectively, then D < B and it is witnessed by g o f.

Proposition 2.20 If B and C are two barriers in w, B is uniform and p(8B) > p(C),
thenC < 8.

Proof: Let us alternately define two sequences {a; : i € w} and {b; : i € w} such
that a; < b; < a;41 for every i € w. We will also denote by {k; : i € w} the increasing
sequence defined by these two sequences, that is, ky; = a; and ky;41 = b;. We will
also simultaneously define f € w® which is completely determined by the sequence
{k; : i € w} asfollows: f | [0,kg) = Oand f(n) = iifand onlyif n € [k;, kiz1).
We shall show that f satisfies the definition of C < 8. To save notation, let us write pg
and p¢ instead of pr(g) and pr(c) respectively. Also, given s € [w]“ \ T(C) we will
define pc(s) = —1 so that we can talk about the rank of s even if s is not in 7'(C).

Step 0:

Since pg(0) = pc(0), there are ag < by < w such that pg({ao}) = pc({0}) and
p8({bo}) = pc({1}).

Now assume we have defined {a; : i < n}and {b; : i < n}.

Step a:

Inductive hypothesis at n:
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Infinite dimensional sequential compactness 9

Let us call

Sa(n) = {s eT(8):s | Jlaib) A Vi <n(ls 0 [asby)] < 1)}.
i<n
We will ensure that the following inductive hypothesis will hold throughout the
construction: Given s € S, (n)

$a(n,s) = pg(s) = pe(fls])
Ya(n,s) =if j 2 ap, then pg(s U {j}) 2 pe(f[s U {2n}]).

We will also write ¢, (n) as a shorthand for Vs € S,(n)¢,(n,s) and ¥,(n) as a
shorthand for Vs € S,(n)¥,(n,s). It is worth to point out that S, (n), ¢4 (n, s) and
W4 (n, s) do not mention b,,. Note that if j > ao we have that pg({j}) = ps({ao}) =
pc({0}) as B is uniform. Thus ¥, (0) is satisfied and ¢, (0) is vacuously satisfied too
(here S,(0) = {0}).

Construction of ap41:

We need to take care of all s € S,(n + 1) (note that this set is well defined since it
only depends on {a;, b; : i < n}).

First consider s € S, (n). By ¢,(n, s) we have that pg(s) = pc(f[s]) and thus we
can find m¢ such that

(x1) pa(sU{m}) > pc(f[s] U{2n+2}) for every m > mg.

Otherwise s € S, (n+ 1)\ S;(n) and we can write s = s\ {j} where j = max(s) >
ay and s’ € S,(n). Then we know that pg(s" U{j}) > pc(f[s']U{2n}) by, (n,s).
Since j € [ay, by,), we have that f(j) = 2n. Thus
(1) ps(s) =ps(s" U{j}) = pc(fISTULf(N}) = pc(fIs" UL/} = pc(fIsD)

Then there is m¢ € w such that pg(s U {m¢}) > pc(f[s] U {2n + 2}). Since B is
uniform,

(*) ps(sU{m}) = pc(f[s] U {2n+2}) for every m > my.

Finally define

aps1 = max{m? | s € Sy(n+1)}.

Inductive hypothesis for n + 1:

We want to see that ¢,(n+ 1) and ¥, (n+ 1) hold. Let s € S,(n+1).If s € S,(n)
then ¢, (n+1, s) follows from ¢ (n, 5). In consequence we can assume that s € S, (n+
1)\ Sy(n) andlets” = s\ {j} where j = max(s). Hence by (%), we have that pg(s) >
pc(f[s]) which means that ¢,,(n + 1, s) holds and consequently ¢, (n + 1) does.

Now let us see that s, (n+1) is also true. Let s € S, (n+1)and j > a,41.1f s € S, (n)
then m satisfies (x¢) andif s € S, (n+1)\ S, (n) we have that m}, satisfies (x%), either
case, as d, + 1 > m3, we have that ¥, (n + 1, s) holds and so does i, (n + 1).

Step b:

Inductive hypothesis at n:

The construction is dual to that of part a. Let us start by calling

Spm = {s € 7®) 15 € | Jlbiaw) A Vi <nlls 0 bzl < D).

i<n
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10 Corral et al.

The corresponding inductive formulas for s € Sp(n) are now:

¢p(n,s) = pg(s) = pe(fls])
Yp(n,s) =if j 2 by, then pg(s U {j}) 2 pe(fs U {2n+1}]).

We will write again ¢ (n) and ¥, (n) as shorthands for Vs € Sp(n)d,(n, s) and
Vs € Sp(n)y,(n, s) respectively. In the particular case of ¢, we have that it is the same
formula as ¢, with different domain. Since a4+ has already been defined, the interval
[b,, ans1) considered in Sy (n + 1) makes completely sense.

Construction of by41:

Given s € Sp,(n), it follows from ¢, (n, s) that pg(s) > pc(f[s]) and thus we can
find m? such that

(*ll’) ps(sU{m}) = pc(f[s] U {2n+3}) for every m > m?.
Otherwise s € S, (n+1) \ Sp(n) and we can write s’ = s\ {j} where j = max(s) >

by and s’ € Sp(n). Thus pg(s” U {j}) = pc(f[s’] U {2n + 1}) by ¥»(n, s). Since
J € [by, an+1), we have that f(j) = 2n+ 1. Then

(") ps(s) = ps(s' V(D) = pe(fISTU (DD = pe(fIs U {j}]) = pc(fIs])
We can again find m? € w such that pg(s U {m?}) > pc(f[s] U {2n + 3}) and
moreover
(*g) ps(sU{m}) > pc(fls] U{2n+ 3}) for every m > mé’
We then define

bns1 = max{m? | s € S,(n+1)}.

Inductive hypothesis for n + 1:

If s € Sp(n) then ¢p(n + 1, s) follows from ¢p(n, s) and otherwise s € Sp(n +
1) \ Sp(n) can be written as s’ = s \ {j} where j = max(s). By ("), we have that
ps(s) = pc(f[s]) and then ¢, (n + 1) holds.

To see that yrp(n + 1) is true, let s € Sp(n+ 1) and j > b,41. Then by yq > mi’ and
either by (*ll’) or (*é’) we have that ¢, (n + 1, s) holds.

This finishes the construction and it remains to prove that f works.

Clearly f is finite-to-one and non-decreasing. Given M € [w]®, we can find an
infinite subset N € [M]“ such that |N N [k;, k;i4+1]| < 1 for everyi € w and either
NN Ujewlkaiskaiv1) = 0 or N N Ujep [ k2it1, k2ivz) = 0. Without loss of generality
assume that N C U, [K2is k2i41) = Ujew @i bi).

Letnow b € B|N.Itfollows from the choice of N that thereisann € w suchthatb €
Sa(n). By ¢4 (n, b) we know that 0 = pg(b) > pc(f[b]). Necessarily pc(f[b]) €
{0, —1}, but either case we can conclude that there is ¢ € C such that ¢ T f[b]. This
finishes the proof. [ ]

The previous lemma is new and it is the last piece of the theory of barriers that we

need in order to prove that the general notion of barrier sequential compactness extend-
ing n-sequentially compact spaces, depends only on the rank of the associated uniform
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Infinite dimensional sequential compactness 11

barrier. In the case that B has rank w, we can drop the requirement that the barrier is
uniform.

Corollary 2.21  Let B and C be barriers on w such that p(C) < p(B) = w, then C < B.

Proof: By the fact that the preorder < is transitive and the previous Proposition, it
suffices to show that S < B where S is the Schreier barrier.

Since B has rank w, it follows from Lemma 2.9 that for every i € w, we can find m;
such that pg(m) > i + 1 for every m > m;. Let f € w® be given by f(n) = i if and
only if n € [m;, m;;1) (and we define f |' mq arbitrarily). We claim that f witnesses
that S < 8.

Indeed, given M € [w]*, we can find Ny € [M]“ such that Ny N [0, mo) = 0 and
[No N [m;,miy1)| < 1foreveryi € w. Let ng = min(Ny) and for every i € w define
ni41 as follows: for each j < i + 1 we can apply Corollary 2.10 and find k; such that
Bln;] = [w\ k;]" for some r > [ where [ is the unique natural number such that
nj € [my, mp), pick njpp > kj forevery j <i+1.ThusN = {n; : i € w} € [M]“.

Fix b € (B|N) and let n; = min(b). It follows from the definitions that b \ {n;} €
[w\ k;]" for some r > [ where n; € [m;, mj41). Then |f[b]| > [+ 1as f is one to one
on Nbut f(n;) =land S(I) = {s € [w]=“ : min(s) = A |s| = + 1}. Thus we can
conclude that ¢ C f[b] defined as the first [+1 elements of f[b] is an elementof S. m

Infinite dimensional sequential compactness

We now define the notion of 8-sequential compactness for barriers 8 and prove nec-
essary results to formulate the natural notion of @-sequential compactness, where @ €
w; corresponds to the rank of the barrier. All the results of this section are natural
generalizations of results presented in [19] for finite 7.

Definition 3.1 Let B be abarrieron M € [w]®, let X be a topological space, f : B8 —
X and x € X. We say that f converges to x if for all U € N (x) there is n € w such that
FIBI(M\n))] cU.

The word “converges” might give rise to misunderstanding as f has countable
domain, however, the meaning of this word will be understood by the context. The func-
tion f should be thought as a 8-dimensional sequence or a-dimensional sequence for
a = p(B), rather than a classical 1-dimensional sequence indexed by the countable set

B.

Definition 3.2 Let B be a barrier on w and let X be a topological space. We say that X
is B-sequentially compact if for all f : B — X thereis M € [w]® such that f | (B|M)
converges.

The natural stratification of barriers given by their ranks will give us a natural clas-

sification of B-sequentially compact spaces grouping them and associating them to a
countable ordinal attending the following definition:
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12 Corral et al.

Definition 3.3 Let @ < w;. We say that X is @-sequentially compact if X is B-
sequentially compact for all barriers 8 of rank a.

The first application of the theory developed in Section 2 and the main reason for the
introduction of the order < is due to the next theorem:

Theorem 3.4 If C < B and X is B-sequentially compact then X is also C-sequentially
compact.

Proof: Assume X is B sequentially compact and let f € w® as in the definition of
C < B.Leth:C — X and define i : B — X by h(b) = h(c) for any ¢ € C that is
C-compatible with f[b]. Notice that since C is a barrier, there is at least one of such ¢
and then / is well defined.

Since X is B-sequentially compact, there is M € [w]® such that & | (B|M)
converges to some x € X. Take N € [M]“ such that

Vb € (BIN)3c € C (c C £[b])

given by the definition of C < B and define My = f[N]. It turns out that 2 | (B|N)
also converges to x. We shall prove that 2 [ (C|My) converges to the same x € X.

To see this fix an open neighborhood U € N (x). We can find n € w such that a(b) €
U whenever b € B|(N \ n). Take c € C|(Mo \ f(n)). Thus ¢ = {f(mo), ..., f(m;)}
for some seta = {m; : i < j} C N\ n. Take any infinite set N’ C N such that
a T N’.Wecan find b € B|N such that b T N’. It follows that a T b since otherwise
fIb] £ fla] = ¢ would contradict that b C N. Therefore h(c) = h(b) € U as
desired. [ ]

Corollary 3.5 Let X be a topological space and @ € w, the following are equivalent:

(1) X is a-sequentially compact,
(2) X is B-sequentially compact for every uniform barrier of rank «,
(3) X is B-sequentially compact for some uniform barrier B of rank a.

Proof: That (3) implies (1) follows directly from Proposition 2.20 and Theorem 3.4.
The other implications are clear from the definitions. |

From Lemma 2.20 and Theorem 3.4 we can easily get the following result.

Corollary 3.6  If X is ar-sequentially compact and B < a then X is B-sequentially compact.
In particular, if « is infinite, X is n-sequentially compact for every n € w. |

The stronger result for barriers of rank w given in Corollary 2.21 yields the following
result:

Corollary 3.7 If X is B-sequentially compact for some barrier of rank w (not necessarily
uniform), then X is w-sequentially compact. |

2024/05/11 17:43



Infinite dimensional sequential compactness 13

In general, this is not true for every countable ordinal. A trivial example is a barrier
with a single node in 7'(8) of rank w (let us say {0}) and such that 8|(w\1) is isomorphic
to S,. In this case, every infinite restriction has rank w but the barrier itself has rank
w + 1. It is not hard to modify our constructions in Section 5 to show that, consistently,
there is a B sequentially compact space that is not (w + 1)-sequentially compact. We do
not know if the requirement that B has an infinite restriction of rank « suffices in order
to show that B-sequentially compact spaces are a-sequentially compact. We believe that
the answer is “no” but we conjecture that a weaker result is true.

Conjecture 3.8 If X is B-sequentially compact, then it is p,,(B)-sequentially compact.
The following easy fact is a partial answer to Conjecture 3.8.

Proposition 3.9 Let B be abarrier on w and X a B-sequentially compact space. If there
is M € [w]“ such that B|M is uniform and either X is not (8|(w \ M))-sequentially
compact or w \ M is finite, then X is p(B|M)-sequentially compact. In particular X is
Pu(B)-sequentially compact.

Proof: By Corollary 3.5 it is enough to prove that X is (8|M)-sequentially compact.
Let F := w \ M. Regardless F is finite or X is not (B|F)-sequentially compact, there
exists a function g : B|F — X without infinite convergence subsequences (here con-
vergence means convergence with respect to barriers). Now let f : B|M — X. We
want to prove that f admits an infinite convergent subsequence f [ (B|M’) for some
M’ € [w]®. For thislet f : B — X be any common extension of both f and g. As X is
B-sequentially compact, thereis N € [w]“ such that f I Nis convergent. Now NN F
should be finite, since otherwise f I (N N F) would also be an infinite convergent sub-
sequence for g. This way N’ := N \ F is infinite and thus / | N’ = f | N’ is an infinite
convergent subsequence for f. |

Some classes of w;-sequentially compact spaces

In [19], it is proved that compact metric spaces are n-sequentially compact for every
n € w. This result extends to any @ < w;. We will start this section by giving two classes
of spaces, each containing the class of compact metric spaces, that sit at the top of the
hierarchy of a-sequentially compact spaces.

Definition 4.1 We say that X is w;-sequentially compact, if it is a-sequentially compact
for every a < wy.

The first class of spaces that we want to show to be w;-sequentially compact, is the
class of sequentially compact spaces of character less that b. The fact that sequentially
compact spaces of character less that b are n-sequentially compact for every n € w, was
proved in [19].

Theorem 4.2  Suppose X is a sequentially compact space. If x(X) < b then X is w;-
sequentially compact.
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14 Corral et al.

Proof: We will show by induction that X is @-sequentially compact for every @ < w;.
If @ = 1, then X being sequentially compact is equivalent to X being 1-sequentially
compact as the only uniform barrier of rank 1is [w]'.

We proceed to prove the inductive step at 3, regardless of it being a successor ordinal,
and hence of the form 8 = @ + 1 or a limit ordinal which would then be the sup a,,
where @, form an increasing sequence. Now let f : 8 — X be any function where 88
is uniform of rank . For all n € w, B[n] is either an a-uniform barrieron w \ (n+ 1)
or an @, -uniform barrier if 8 were a limit ordinal.

Foralln € wlet f,, : B[n] — X be the function mapping s +— f({n} U s). By
our inductive hypothesis there is an infinite subset Ny and a point xo € X such that
f() ¥ (B[O] |N0) — xg. Let ng = 0 and n; = min Ny \ {0}

Note that for any infinite subset A of w and any n € w, B[n]|A is also uniform
of rank a if B = a + 1 or of rank @, if § were a limit ordinal. Now suppose that we
have defined a decreasing sequence of infinite subsets No 2 Ny 2 -+ 2 N;_j, and
an increasing sequence ng < n; < --- < n; in addition to a subset {xo, ..., x;_1} of
X. Consider the function fp,, : (8[n;]|N;—1) — X, applying our inductive hypothesis
yields an infinite subset N; € N;_; such that f,,. | (B[n;]|N;) — x;, for some point
x; € X. We also define n;41 = min(N; \ {ny, . .., n;}). Thereby, we obtain a decreasing
sequence of infinite subsets No 2 Ny 2 N; 2 ..., asubset {x; : i € w} of the space X
and a strictly increasing sequence (n; : i € w) such that f,,, I (8[n;]|N;) — x; where
niv1 = minN; \ {ng,...,n;} foralli € w.

Since {x; : i € w} C X and X is sequentially compact, there is a convergent subse-
quence, ¥ = {x;; : j € w}, with limit point x. Re-numerating the indices, we can view
Y = {x; : i € w} as the convergent subsequence. Also, let N = {n; : i € w}

Take any open set U in X containing the point x. As x; — x there is an integer
my € w such that for all i > my we have that x; € U. Also, for all such i there is
another integer ¢y (n;) such that

T [Bni]|(Ni \ ¢u(ni))] € U. (%)

Forany j < my andany j ¢ {n; : i € w}let ¢yy(j) = 0. Thus, any open subset U of
X containing x, induces a function ¢y : w — w.

Let 17(x) be alocal neighborhood base of x of minimum size. Since y (X) < b the set
of functions {¢y : U € n(x)} is bounded by some increasing function ¢ : w — w, that
is oy <* ¢ forevery U € n(x).

We can find an increasing subsequence (m; : i € w) of (n; : i € w) such thatm;; >
W (m;) for every i € w. We claim that f | (B|M) — x where M = {m; :i € w}.

FixanopensetU € n(x) andletk € wsuchthatx; € Uandy (j) > ¢y(j) forevery
J = k.Lets € B|(M \ y(k))and let us write s = {my,, ..., mg, } and s" = s\ {my,}.
Note that for every i > 0, we have that

mp; > d’(mko) > ¢(Wlk0),

as my, = (k) = k.In particular, s’ N ¢(my,) = 0.
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Infinite dimensional sequential compactness 15

Now let j € w such that my, = n;. Note that if j* > j, thenn;; € N;. As any
my; > my, for i > 0 and this implies that my, = n;s for some j* > j, we can conclude
that s” C Nj.

Combining the previous arguments we get that s C N; \ ¢y(n;) and we already
know that s = {n;} U s’ € B, which implies that s* € B[n;]. Therefore f(s) =
fn; (s”) € U by () as desired. [

The second class of spaces that we shall show are w;-sequentially compact is the class
of compact bisequential spaces. Recall that U C P (X) clusters at x (often written as
X € ﬂ) ifx € U for every U € U. Of course if Y is an ultrafilter, then U clusters at x
is equivalent to U converging to x.

Definition 4.3 [21] Let X be a topological space and x € X. We say that X is bisequential
at x, if for every ultrafilter U that converges to x, there is a countable subfamily {A,, :
n € w} € U such that for every W € N(x) thereisn € w such that A,, C W. We say
that X is bisequential if it bisequential at x for every x € X.

We say that X is (countably) bisequential if for every ultrafilter on a (countable) subset
of X that clusters at x € X, there is a countable subfamily of the ultrafilter converging
to x.

Given atree T C w<® and s € T, recall that the set of successors of s in T is
sucer(s) = {n € w: s"n € T}. Given U C P(w), we say that T is U-branching
if succr(s) € U for every s € T. As usual, we will omit the subindex in succy when
there is no risk of confusion. If U is an ultrafilter and B is a barrier on w, we define an
ultrafilter U? C P (B) by declaring Y € U? if and only if, there is an U-branching
tree S C T(B) such that Y = S N B (here we are identifying finite subsets with finite
increasing sequences on w).

Theorem 4.4  Every compact countably bisequential space is w1-sequentially compact.

Proof: Let X be a compact countably bisequential space, let B be a barrier and let f :
B — X.Fix an ultrafilter U C P (w) and define an ultrafilter V C P(f[B]) € P(X)
by V € V if and only if f~1(V) € U5.

As X is compact, we can find x € X such thatx € YV and by bisequentiality, there
exists a decreasing family {V,, : n € w} C V such that for any open neighborhood
W € N (x), there is n € w such that V,, € W. Define U, = f~!(V,) foreveryn € w
andletT,, = {s € T(B) : b € U,,(s C b)}. Then each T,, is an U-branching tree.

We now recursively define an infinite set M = {m; : i € w}. Let mg =
min(succr, (0)). If we have already defined {m; : i < n}, define m, such that for every
s C {m; : i < n}withs € T(B) \ B, we have that s"m,, € T,. The choice of m,,
is possible since every relevant s is an element of 7y and the trees T}, are U-branching.
Moreover, if s C M, s € T(8B) \ B and min(s) > m,, then s € T for every k > n.

It remains to show that f [ (B|M) converges to x. Fix an open set W € N (x)and
find n € w such that V,, € W.Givens € B|(M \ m,), let my = max(s) and s’ =
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16 Corral et al.

s\ {my}. By the choice of my, we have that s = s""my € T, N B = U, as k > n, thus
f(s) € V, € W.Therefore f[B|(M \ m,)] € W. n

The notion of n-sequential compactness in [19] was motivated by the 2-dimensional
version introduced in [3], where the main application was to show that compact metric
semigroups have idempotents naturally defined as the limit of a 2-dimensional sequence.
From Theorem 4.4 and the results in [3], we can conclude the following:

Corollary 4.5  Every compact countably bisequential semigroup K has an idempotent natu-
rally representable as the Ramsey limit of a restriction of any given f : [w]*> — K. u

We can also now conclude that some well-known classes of spaces are wi-
sequentially compact. It is clear that if for a class of spaces G, hereditary under closed
subsets, we have that if every separable space in G is w;-sequentially compact, then every
space in the class is w1 -sequentially compact.

Roman Pol proved that separable Rosenthal compacta are bisequential [24] hence
Rosenthal compacta are countably bisequential. It can also be deduced from argu-
ments of G. Debs in [9] (see [26] and Lemma 6 in [25]). Therefore we have that every
Rosenthal compact space is w;-sequentially compact. Since every separable Eberlein
compact has weight at most ¢, and it is a result of S. Mercourakis that Eberlein compact
spaces of weight at most ¢ are Rosenthal compact, we also have that Eberlein com-
pacta are w-sequentially compact. Similarly, as every separable Corson compactum is
metrizable, every Corson compactum (and hence Gul’ko and Talagrand compacta) is w1 -
sequentially compact. For definitions of these classes and the results just mentioned see
[23].

A space X is angelic if relatively countably compact subsets of X are relatively compact
and for every relatively compact subset A C X and every x € A there is a sequence
{xn : n € w} C A that converges to x. It is a result of J. Bourgain, D. H. Fremlin and M.
Talagrand [5] that Rosenthal compacta are angelic spaces.

It was shown by Knaust in [15] that Rosenthal compacta have the Ramsey property.
We recall that a space X has the Ramsey property if for every function f : [w]? — X
such that lim; e lim 0 f({i, j}) = x, there is M € [w]“ such that f [ [M]* — x.
As any 2-sequentially compact space has the Ramsey property, the fact that Rosenthal
compact spaces are wi-sequentially compact is a strengthening of Knaust’s result.

The lists of angelic spaces with the Ramsey property was expanded in [16], how-
ever the question of whether every angelic space has the Ramsey property, was left
open. We show now that this is not the case by pointing out that the example of a
sequentially compact space that is not 2-sequentially compact considered in [7] is such
a counterexample.

Theorem 4.6  There is an angelic space without the Ramsey property.
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Proof: Note that a compact space is angelic if and only if it is Fréchet. In [7] an almost
disjoint family A C [w X w]® such that ¥ (A) is Fréchet, sequentially compact but
fails to be 2-sequentially compact is constructed. Hence F (A) is an angelic space.

In order to prove that 7 (A) is not 2-sequentially compact, A was constructed so
that A, = {(n,m) : m € w} € Aforeveryn € w andso that G : [w]? —
w X w, defined by G({n,m}) = (n,m) for n < m, does not converge to any point
in F(A). To avoid confusion, let’'s denote by * the point at infinity on F (A). As
lim,; 00 (n,m) = A, and any infinite subset of A converges to % in F (A), we get
that lim;, e lim;—s00 (12, m) = *. Then moreover we have that ¥ (A) does not have the
Ramsey property. ]

Some examples delineating the classes of a-sequentially
compact spaces.

We will construct the counterexamples that show that the classes of @-sequentially com-
pact spaces and related spaces do not coincide (at least consistently, in some cases) giving
analogous results to those presented in [19] and [7].

We shall start this section by pointing out that neither of the Theorems 4.2 or 4.4
supersedes the other. Given X C 2¢, define Ax = {{x | n: n € w} : x € X}
and denote by ¥ (A), the one point compactifications of the W¥-space over the almost
disjoint family A. On the one hand, if X C 2¢ hassize ¢, then ¥ (Ax) is a compact bise-
quential space but its character is |[Ax| = ¢ > b (so this space satisfies the assumptions
of Theorem 4.2 but does not satisfy the assumptions of Theorem 4.4). On the other hand,
w is a first countable, sequentially compact space that is not compact (so this space sat-
isfies the assumptions of Theorem 4.4 but does not satisfy the assumptions of Theorem
4.2). This raises the following question:

Question 5.1 Is there a compact and w;-sequentially compact space that is not count-
ably bisequential?

We can’t expect to conclude full bisequentiality because w; + 1 is a compact and
wi-sequentially compact space that is not bisequential. There is even an Eberlein
compactum (so Fréchet) with these properties (see [6]).

It is worth noting that for an almost disjoint family A, if its Franklin space ¥ (A)
is 2-sequentially compact, then A is nowhere mad. Otherwise, if A [ X is mad
with X € I(A)*, we can find a function f : [w]?> — X that does not converge in
F (A) as mad families are never 2-sequentially compact (see [19]). Since an ad family
is Fréchet if and only if it is nowhere mad, all counterexamples constructed from ad
families, that are at least 2-sequentially compact in [19] and [7] are also Fréchet. It was
also shown in [7] that 2-sequentially compact spaces are a3. This gives more examples
of non-bisequential almost disjoint families that are Fréchet and @3. The existence of
these kind of ad families is not known in ZFC. For more consistent examples and for
the definition of @3 the reader may consult [8].
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It was previously shown in [19] that the classes of n-sequentially compact spaces and
(n + 1)-sequentially compact spaces does not coincide (assuming CH for n > 1). This
result was later improved by the authors in [7], by showing that the same holds under
weaker assumptions, e.g., b = ¢. We will show that we can also consistently differentiate
between a-sequentially compact and 8-sequentially compact spaces for any a # f3, by
stepping up the combinatorial analysis done in [7] to barriers.

We will say that T C w=% is a Hechler tree, if for every s € T, the set of successors of
s is coinitial on w, i.e., there exists ky € w such that succr(s) = {i e w:s7i € T} =
w \ kg. We can naturally associate a function iy : T — w to each Hechler tree T by
defining h7(s) = k.

For s,t € w<®, we say that s < tif either s C tors = r~I,t = r"m for some
r € w~“and! < m.Here s C t means that s is a proper initial segment of 7. Enumerate
w<® = {s; : i € w}suchthats; < s;impliesi < j. We fix this enumeration for the
rest of the paper.

Definition 5.2 Let f € w® andletT C w=* be a Hechler tree. We define:

* Ty C w~“ where® € Ty and succ(s;) = w \ f(i) for every s; € Ty.
* fr € w® where fr(n) = k if and only if 5,, € T and succr(s,) = w \ k and
fr(n) = 0 otherwise.

Recall that FIN C P (w) is the ideal of finite sets of w.

Definition 5.3 Given a barrier B, we define the ideal FIN® by recursion on its rank,
as the setof all X C [w]<* such that

{new:{s\{n}:seXnB(n)} ¢ FIN?"l} € FIN

where FIN[«!" = {{n} : n € w} works as the base case.

Notice that in the case of the barrier 8 = [w]", the ideal FIN? coincides with the
well known Fubini product FIN". In general, the Fubini product FIN® for a countable
limit ordinal @ is not uniquely determined and depends on the choice of an increasing
sequence {a, : n € w} converging to @, the corresponding previous choices for each
@, and so on. For a barrier 8 of rank a such that @,, = p(8B][n]) forms an increasing
sequence, the ideal FIN? also coincides with a Fubini product FIN® where the sequence
{a, : n € w} is precisely the sequence converging to @ used in the Fubini product. For
more on these ideals and their presentations, the reader may consult [10].

It follows directly from the definition that we can characterize the ideals FIN® via
Hechler trees.

Lemma 5.4 Let B be a barrier and X € FIN®, then there exists a Hechler tree H C w<%
suchthat XN HN B =0.
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Proof: We prove it by induction on p(8).1If 8 = [w]"' and X € FIN® = FIN, define
H C w=“ suchthat® € H, succy(0) = w \ k where X C k and succy(s) = w for
any s € H \ {0}. This H clearly works.

Let now B be an arbitrary barrier with p($8) > 1. We may assume that {k} ¢ B for
every k € w. Fix X € FIN®. Thus {n € w : X N B(n) ¢ FINZ?["1} is finite and we can
find k € w that contains this set. Hence, for every n € w \ k, there is a Hechler tree H,
with root {n} such that X N H,, N B(n) = 0. Define H = {0} U ;51 Hy. It is clear
that H is a Hechler treeand X N H N B = 0. |

Lemma 5.5 For every X C FIN® with |X| < b, there is a Hechler tree H C w<® such
that for every X € X, there exists n € w such that

XmHmBgUB(i).

i<n

Proof: Let X C FIN® with |X| < b. By Lemma 5.4, for every X € X there is a
Hechler tree Hx such that X N Hx N B = 0. Let fx = fu, for every X € X. Since
|X]| < b we can find f € w® such that f >* fx for every X € X. It follows from our
enumeration of w <% thatif f >* fx, thenthereexistsnx € w suchthatif fx(s) > f(s)
for some s # 0 then s € B(i) for some i < nx. Thus letting H = Hy we have that
H\ Hx C U;<p, B(i) and this implies that

xnHnBc | ] BG).
i<ny

The following proposition appears in [19] for the particular case of barriers of the
form [w]". The same argument shows that this is true for every barrier, so we have the
following:

Proposition 5.6 Let A be an almost disjoint family on a countable set N and let B be a

barrier. If for every function f : 8 — N there is an infinite set X € [w]“ such that
{AeA:|fIBIX]NAl=w}| <Db

then 7 (A) is B-sequentially compact. [ ]

The following Lemma will also be helpful for proving that a space is not B-
sequentially compact for some barrier 8. We say that a barrier C is non-trivial if C #

[w]'.

Lemma 5.7 Let A be an almost disjoint family on a non-trivial barrier C, such that |A N
C(n)| < 1forevery A € A and every n € w. If for every E € [w]® there exists A € A
such that A C C|E, then F (A) is not C-sequentially compact.

Proof: As C is non-trivial, we may assume without loss of generality that every
element of the C has size at least 2, in particular, C(m) is infinite for every m € w.
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Consider i : C — C to be the identity map and E € [w]®. We shall show that
i T (C|E) does not converges in F ((A). Since i[C|E] is infinite, it does not converge
to any isolated point in C.
On the other hand, if A € A and n € w, we have that |C(m) Ni[C|E \ n]| = w for
everym € E \ n,but |A N C(m)| < 1implies thati[C|(E \ n)] ¢ A and hence it does
not converge to A. It remains to show that it does not converge to co.
Fix the neighborhood U = F(A) \ ({A} U A) of oo for some A C C|E and letn € w.
As|ANC(i)| < 1foreveryi € w, we can find c € A C C|E such that min(c¢) > n.
Thus ¢ € C|(E \ n)\ U and in consequence i [C|(E \ n)] ¢ U. Since this is true for any
n € w, we get thati [ (C|E) does not converge to oo. [ ]

The previous lemmas allow us to show that there are spaces that are B-sequentially
compact but fail to be C-sequentially compact whenever their ideals associated satisfy a
suitable relation, for this reason it is useful to introduce the terminology of the Katétov
order.

Definition 5.8 [18] Let X and Y be countable sets, 7 and J ideals on X and Y
respectivelyand f : Y — X.

(1) f is a Katétov function from (Y, J) to (X, I) if f~1(A) € J forall A € I.
(2) I <k J U is Katétov below ) if there exists a Katétov function from (Y, ) to
(X, 7).

An easy consequence of the definition is the following:

Lemma 5.9 Let I and J ideals on countable sets X and Y respectively. Then the following
are equivalent:

()T £x J.
(2) Forevery f:Y — X thereis B € J* such that f[B] € 1.

Proof: To see that (1) implies 2) let f : ¥ — X.As T £x 9, f is not a Katétov
function, so there is A € I such that B := f~1(A) € J*. Now f[B] € T since
f[B] € A € I.Conversely, toseethat 7 £x J let f : Y — X, we want to prove that f
is not a Katétov function. So let B € J* suchthat A := f[B] € 7.Now f~'(A) € J+
since B C f~1(A). [ |

Besides the ideal FIN® , another ideal that will be useful in the constructions of
counterexamples is the following:

Definition 5.10 If B is a barrier on w, then G.(8B) is the ideal on B such that
(Ge(B)* = ({B|X : X € [w]®}),ie,S C Bisan element of G.(B) if and only
if there isno X € [w]® such that B|X C S.

Note that (G.([w]?))* is the collection of all subsets of [w]? that contain an infinite

complete subgraph, that is the reason for the notation G.. Also note that the fact that
G.(8B) is closed under finite unions follows from Nash-Williams Theorem.
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Theorem 5.11 (b = ¢) Let B and C be two barriers such that FINC ¢g G.(B). Then
there is an almost disjoint family A such that  (A) is B-sequentially compact but not C-
sequentially compact.

Proof: Enumerate CZ = {f, : @ < ¢} and [w]® = {Ey : @ < ¢}.For E € [w]?
let ET = T(C|E). Notice that for any such E, the tree ET is everywhere w-splitting and
hence it has infinite intersection with any Hechler tree H inside C, thatis, [ETNHNC| =
w. Moreover, for any n € E, we have that

IETnHNC(n)| =w.

Recursively construct {Ay : @ < ¢} € [C]¥ and {X, : @ < ¢} € [w]® such that
forallf <a < ¢

(1) folBlXa] € FINC,

() |/ia'r]/sﬁ| < w,

Q) [Ae N f3[BIXp]] < w,

4) |[AgNC(n)| < 1foralln € w,
(5) Aq C EL.

Atstep @ < ¢, let X, € [w]® such that f,[8B]|X,] € FINC (this set exists by Lemma
5.9). Note that also, every Ag with § < « is an element of FINC, then we can find a
Hechler tree H as in Lemma 5.5 such that

XxnHncc | ca)

i<ny

foreither X = fg[B|Xg] or X = Agforsome 8 < @.Let A, € [C]“ besuchthat A, C

HNCnN EL and [A, NC(i)| < 1foreveryi € w.Itfollows that A, N X C (J;<p, C(i)
forsomeny € wandas|A, NC(i)| < 1foreveryi < ny, this intersection is finite and
(2) and (3) hold. The remaining three properties follow from the construction.

Since {A € A : |fo[B|Xo] N Al = w} C {Ag : B < a}, and this set has size less
that b, by Proposition 5.6 we get that F (A) is B-sequentially compact.

On the other hand, item (5) implies that # (A) is not C-sequentially compact by
Lemma 5.7 as C has rank greater than 1. [ ]

The natural question now, is when do the barriers 8 and C satisfy that FINC £
G (B). We will see below that this only depends on the rank of the barriers, assuming
that at least the one with larger rank is uniform. See Theorem 5.12 and Corollary 5.14
below.

The relevance of the Katétov order in the study of subclasses of sequentially compact
spaces is also demonstrated in the work of R. Filipéw, K. Kowitz and A. Kwela [13], where
the authors study many subclasses of sequentially compact spaces, prove some inclu-
sions among them and find counterexamples by using the Katétov order relationship
between some ideals naturally associated to these classes.

Recall that for 8B being a barrier, B[s] is a barrier on w \ (max(s) + 1). For the ease
of notation, we will do some abuse of notation: for a function g : B(s) — C(f) we can
naturally associate a function g’ : B[s] — C[¢], we use g for both functions. Also, for
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a Hechler tree H, we will denote by H[n] its copy above {n}, that is, a tree T with root
{n} and such that succr(s) = succy(s \ {n}). In particular w<“[n] = {s € W<* :
n = min(s)}.

Theorem 5.12  Let B, C be barriers with C uniform and p(8) < p(C). Then FINC £
Ge(B).

Proof: By Lemma 5.9, it is enough to prove that for every f : 8 — C thereis X €
[w]“ such that f[B]|X] € FINC. The proof is by induction on p(C). If p(C) = 1
there is nothing to do, so we can assume that p(C) > 1 and the result is true for C’
whenever p(C”) < p(C). We now prove it by induction on p(B). If p(B) = 1, we can
find an infinite set X € [w]“ such that either | f[B|X] N C(i)| < 1 foreveryi € w or
fIB|X] € C(n) for some n € w. Hence, assume that for any barriers 8’ and C’ with
p(B') < p(B),p(C’") < p(C)and p(B’) < p(C’) the result holds. We can also think
of {Q} as a barrier of rank 0. In this case the result is trivial but it is worth mentioning
since B[s] is a barrier of rank 0 whenever s € B and we will also consider these kind
of barriers as part of our inductive hypothesis. We can also assume, by possibly passing
to a cofinite set, that p(C(n)) > p(B) for everyn € w.

Define a function 7, : 8 — 2 for every n € w given by 7,,(s) = 0 if and only if
f(s) € Ui<, C(i). By Nash-Williams, we can find an infinite set Z,, € [w]* such that
7, | (BlZ,) is constant. If 7, | (B|Z,) is constant with value i, we will say that Z,, is
a monochromatic set with color i. If for some n € w we can find a monochromatic set
Z,, with color 0, then f maps B|Z,, into the union of the first n + 1-cones of C, which is
an element of FIN(C). Hence we can assume that there is no monochromatic set with
color O for every n € w.

Let us recursively define {X}, : n € w}, {m; : i € w}, {H, : n € w} and {g(s,n) :
s € {m; :i < n} An € w} such that:

(1) m; = min(X;),

) m, | (B]X,) is constant with value 1,

(3) Xn+1 c Xn Cw,

4) g(s,n) : B[s] — C[n] isgivenby g(s,n)(t) = f(z) \ {n} if and only if f(7) €
C(n) and otherwise let g(s,n)(z) € C[n] be arbitrary.

(5) H, C w<®[n] is a Hechler tree.

6) g(s,n)[B[s]|X,] N H, =0foreverys C {m; :i <n}withs # 0.

Assume X;, m;, H; and g(s,i) have been defined for i < n and s as above. Since
g(s,n + 1) is defined from {m; : i < n} and my is defined from X,,,1, we only need
to define X;,+1 and H,,+1. Note that if in point (6) we have that s ¢ T(8B), then B(s) =0
and then any choice of X, and H,, work, so we will assume in the rest of the proof that
s € T(B).

We can find a 7,,,; monochromatic set (with color 1) X’ C X,,. Enumerate as {s; :
i < k}forsomek € w,theset{s C {m; :i <n}:seT(B)\{0}}. We can recursively
define X°, C X', X'*1 € X! fori < kandH', C C[n+1]fori < k such that:

(%) g(s,n+ 1)[B[s]|Xriz+1] ANHL =0,

n+l
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To see that the choices of ij and H£1+1 are possible, note that g(s,n + 1) : B[s] —
Cln + 1] and p(B[s]) < p(B) < p(C[n + 1]). Then we can apply the inductive
hypothesis. Without loss of generality we can assume that min(X"; +1) > my, for every
i < k. Also, since each H, ,, is a Hechler tree for every i < k, we can define H,,;1 =
MNi<k Him which is a Hechler tree in C[n + 1]. Define X1 = Xrlf+1' This finishes the
construction.

LetX ={x;:i € w}and H = {0}UJ, c,, n~ Hy,. We shall show that f[B|X]|NH =
0.Fix s € B|X, then s = (x4, . . .,X;, ) for some k € w and some sequence iy < -+ <
ik. As {xj,...,x; } € Xj, and X, is m;, monochromatic with color 1, we have that
f(s) € C(n) for some n > iy. Let s’ = {x; € s : i < n} and notice that s \ s’ C X,,
and s” # 0. Hence g(s’, n) was considered at step n in (6) and s” was indexed as s; for
some i. Since we have that H N w<®[n] C H!, s\ s’ € B[s’]|X, and X,, C X!, we can
conclude, by (), that g(s’,n)(s) = f(s)\{n} € C[n]\ Hy,s0 f(s) =n"g(s’,n) ¢ H.
Therefore f[B|X] N H = 0,s0 f[B|X] € FINC. [ ]

It is worth noting that the previous result gives us that for two barriers 8 and C,
the classes of $B-sequentially compact spaces and C-sequentially compact spaces only
depends on the ranks of 8 and C whenever the largest is uniform. If p(8) < p(C)
and C is uniform, every C-sequentially compact space is B-sequentially compact by
Corollaries 3.5 and 3.6. On the other hand, there are (at least consistently) examples
of B-sequentially compact spaces that are not C-sequentially compact by Theorem
5.12. If otherwise p(8B) = p(C) and both of them are uniform, then the classes of
B-sequentially compact and C-sequentially compact spaces coincide by Corollary 3.5.

A more subtle analysis can be done by considering p, (8) instead of p(8), but what
we have done suffices to show that (consistently) the classes of @-sequentially compact
and S-sequentially compact spaces do not coincide if @ # S.

Corollary 513 (b = o) If {@,, : n € w} C q, there exists a space that is @, -sequentially
compact for all n € w but fails to be a-sequentially compact. In particular, for every @ < 8 <
w1, there exists an a-sequentially compact space that is not B-sequentially compact.

Proof: Fix a uniform barrier B,, of rank @, for every n € w and a barrier C of rank
a. Repeat the proof of theorem 5.11 by enumerating

JC% ={fara<ch

new

The hypothesis of Theorem 5.11 for every barrier B,, hold by Theorem 5.12. Finally by
Corollary 3.5 we get the result. [ ]

If B and C are barriers with the same rank and 8 is uniform, then FIN® <x G.(8).
To see this note that otherwise, by Theorem 5.11, there is an space X that is 8-seq com-
pact but not C-seq compact under b = ¢, but this is a contradiction to Corollary 3.5,
since the Katétov order is absolute among Borel ideals due to Shoenfield’s absoluteness
Theorem (see [17]). We then get the following corollary:

2024/05/11 17:43



24 Corral et al.

Corollary 5.14 Let B and C be uniform barriers such that p(8) < p(C). Then the
following are equivalent:

(1) FIN® £x G.(B).
(2) p(B) < p(C). ™

It is worth to point out that for (1) implies (2) we use that B is uniform while in (2)
implies (1) we use the uniformity of C.

Cardinal invariants associated to barriers

In this section, we define and analyze several cardinal invariants associated to barriers
that play an important role in the structure of @-sequentially compact spaces. In partic-
ular, we extend a result in [19] by showing that for every @ > 1, the Cantor cube 2* is
a-sequentially compact if and only if x < min{b, s}. When @ = 1 it is known that 2% is
sequentially compact if and only if k < s (see [11]).

It is also shown in [7], that the cardinals par,, are closely related to the constructions
of examples of spaces that are n-sequentially compact but fail to be (n + 1)-sequentially
compact under s = b. This suggest that if we aim to do similar constructions for
arbitrary barriers, we should start analyzing and computing the analogous cardinal
invariants for par,, in arbitrary barriers. If B is a barrier, 7 : 8 — 2and H € [w]¥,
then we say that H is monochromatic for i, if 7 is constant on B|H. We say that H is almost
monochromatic for m, if there is F' € [H]|<“ such that H \ F is monochromatic for 7. If
IT is a family of colorings on B, then we say that H is almost monochromatic for I1 if it is
almost monochromatic for every 7 € T1. We refer to [w]! as the trivial barrier.

Definition 6.1 If B is a barrier, then parg is the minimum size of a collection of
colorings on B without an almost monochromatic infinite set.

Ift € [w]=% \ {0}, recall that we write  as {fo, . . ., #;,—1 } in the increasing way and
if I Cnthent [ I ={t;|i€ I} Alsonotethatt [ 2 C ¢ forn > 2. Given a barrier B
such that each of its elements has size at least 2, if welet B [ 2:={t [ 2: ¢ € B} then
B | 2 = [w]? For n € w, the cardinal par,, mentioned above is exactly paxp,n, sowe
will stick with the classical terminology par, when 8 = [w]".

Theorem 6.2  If B is a non trivial barrier, then parg < par,.

Proof: As B is a non trivial barrier, there is n € w such that B|(w \ n) has all of its
elements of size at least two. Without loss of generality we may assume that n = 0. Let
I = {7, | @ € par,} be a family of colorings on [w]? with no almost monochromatic
infinite sets. Define 7o, : B — 2 for every @ € par,, givenby 7, (1) = 7o (r | 2). Note
that if H is a an almost monochromatic infinite set for IT = {mq | @ € par,}, then
H is also an almost monochromatic infinite set for IT. Hence I1 has no infinite almost
monochromatic sets. [ ]
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Recall that if B is a barrier, the rank of B[n] is strictly smaller than the rank of 8
for every n € w. This allows us to show that the same idea that proves that par, =
min{b, s} for every n € w in [2], also works for arbitrary barriers.

Theorem 6.3 If B is a barrier such that each of its elements has size at least 2, then parg >
par,.

Proof: By induction on the rank of 8. Suppose that 8 has rank y and the result is true
for every barrier of rank strictly smaller than y. Let k < par, and let {n, : @ € k} be
a set of colorings on . We are going to show that there exists a almost monochromatic
infinite set for this family.
Forevery @ € kandeveryn € wletn?, = B[n] — 2givenby % (s) = mo ({n}Us).
We recursively construct a collection {H,, : n € w} C [w]® such that:

(1) Hn+1 € [Hn]w
(2) Hps is almost monochromatic for {n?, | (B[n]|H,) : @ € «}

We start by defining Hy = w)\ 1 and as B[0] has rank smaller than y, by our inductive
hypothesis we know that there is H; € [w \ 1]* such that H; is almost monochromatic
for {n% | @ € k}. Now suppose that we have already defined H,, and consider the
family {7 | (B[n]|Hy) : @ € k}. As B[n]|H, has also rank smaller than v, there is
H,.1 € [H,]% such that H,,,; is almost monochromatic for this family.

Take H an infinite pseudointersection of {H, : n € w}. Note for every n € H and
every @ € k we have that H,, is almost monochromatic for 7, with color j(e,n) €
{0, 1}. For every @ € «, define an increasing f, € H® such that H, \ f(n) is
monochromatic for 7%,. Also let g € w® increasing such that H \ g(n) C H,. As
F ={fa:a € k}U{g} C w® hassizeless than par, < b, there exists f € w® strictly
increasing that dominates .

Foreveryi € 2,let X!, := {n € H : j(a,n) = i}. Note that {X% | @ € «}isa
collection of less than par, < s subsets of H, so there is X € [H]“ such that, for every
a € k thereis j(a@) € {0, 1} such that X C* Xé(“).

Let us define J := {x,, | n € w} € X C H such that x,,4; > f(x,) for everyn € w.

Claim: J is almost monochromatic for {7, | @ € «}.

Proof of the claim: Let @ € k. We know that X C* Xé(a), fo <* fand g <* f,so
there exists k € w such that:

(1) X\ k< xg',
(2) fo(n) < f(n) for every n > k and
(3) g(n) < f(n) foreveryn > k.

Fixs € B|(J\ (k+1)) andletn = min(s) and t = s\ {n}. Then we have thatn € X{,(a)
and
tCI\fm) S X\ f(n) CH\ f(n) CH\g(n) € Hy.
Notice that min(#) > f(n) > fo(n), hencet € H, \ fo(n). Butthennm,(s) =l (t) =
j(a,n)and j(a,n) = j(a) sincen € Xé(a). This proofs that 7, is constant on B|(J \
(k + 1)) with color j(a). ClaimO
The proof of the previous Claim finishes the proof of the Theorem. |
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Corollary 6.4  parg = par, for every non trivial barrier B on w and parj,p =5 W
Corollary 6.5 If k < pax, and B is a barrier, then 2* is B-sequentially compact. Moreover
par, = min{x : 2“ is not B-sequentially compact}

for every non trivial barrier B.

Proof: If k < par, = min{s, b}, then k < s and so 2“ is sequentially compact. Simi-
larly, it has character less than b since k. < b. Therefore 2¥ is w; -sequentially compact by
Theorem 4.2. Conversely 2P%*2 is not even 2-sequentially compact by aresultin[19]. =

The dual cardinal to par is the cardinal hom. The characterization of par in terms
of b and s has also a dual version using d and a variant of t, the dual cardinals of b and
s respectively (see [2]).

Notation 6.6 Let N be a countable set, I an ideal on N and X,Y C N.Then X Cr Y
means that X \ 'Y € 1.

Definition 6.7 Given a barrier B let,
homg = min{|H|: H C [w]® AVSCBIM e HIie2(B|MCS)}
and
tg = min{|R|: R C [w]* VS C BIR € RIi €2 (B|R Sz SH)}-

A family as in the definition of hom g is called an homogeneous family for B or a B-
homogeneous family. Analogously a family as in the definition of tg is called a reaping
family for B or a B-reaping family.

Recall that by the Nash-Williams theorem, for every 7 : 8 — 2 thereis M € [w]¢
such that 7 [ (B|M) is constant. In this way hom g is well defined and rg < homg
since every B-homogeneous family is a B-reaping family. In particular rg is well
defined.

Note that if B is the trivial barrier, i.e., B = [w]!, thentg = hom g = . On the other
hand, if 8B is a non trivial barrier, then hom, < homg. To see this we can suppose that
every element of B has size at least 2 and thus every coloring 7 : [w]?> — 2 induces a
coloring of 1 : B — 2 given by 71(s) = n(s | 2). Now an infinite homogeneous set for
7t is also homogeneous for 7, which in turns gives that any homogeneous family for 8 is
an homogeneous family for [w]? and then max{D, t-} = hom, < homg. In particular
b < homg. Ramsey ultrafilters will be helpful in our study of the cardinal hom g.

Recall that a non-principal ultrafilter ¢ on w is Ramsey if for all 7 : [w]? — 2, there
is U € U such that 7 | [U]? is constant. A family F C [w]¢ is selective if for every
decreasing sequence {Y,, | n € w} C F, thereis f : w — w such that flw] € F,
f(0) € Ypand f(n+1) € Yp(y) foralln € w. The following result, which according to
D. Booth is mostly due to K. Kunen, relates Ramsey ultrafilters and selective families.
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Theorem 6.8 [4] If U is a non principal ultrafilter, then U is Ramsey if and only if it is
selective. ]

We will show now that a base for a Ramsey ultrafilter is an homogeneous family
for every barrier B. Hence if we define ug as the minimum character of a Ramsey
ultrafilter! we get that hom g < ug.

The next theorem is a standard result of Local Ramsey theory (see [26] Chapter
7). It follows immediately from Theorem 7.42 in [26] in the same way Nash-Williams’
theorem follows from Ellentuck theorem. For the convenience of reader, we sketch the
argument.

Theorem 6.9  If U is a Ramsey ultrafilter, B is a barrier on w and 7 : B — 2, then there is
U € U such that t | (B|U) is constant.

Proof: By induction on the rank of the barrier. If B has rank zero, i.e, B = {0} then
the result is trivial.

Suppose that B has rank y and the result is true for every barrier of rank smaller than
v.As B[n] is abarrier on w \ (n + 1) of rank less than vy, there is V;, € U such that the
coloring ,, : B[n] — 2 is constant on B[n]|V,,, where 7, (s) = 7({n} U s).

For every n € w we know that w,, ' (8[n]|V,,) is constant on color j(n) € 2. So
take V € U and i € 2 such that j(n) =iforalln € V.

Now call Uy, = (Mu<n Vo) NV N (w \ 1 + 1) and note that {U, | n € w}isa
decreasing sequence of elements of U, so applying that U is selective, there is f € w®
suchthat f[w] € U, f(0) € Upand f(n+1) € Ug(y) foralln € w. Define U = f[w].

It remains to show that 7 | (B|U) is constant with value i. Indeed let s =
{ag,...,ar} € B|U.Thenag € V and

{ai,...,ax} C Uf(ao) C Uy € Vg,

sothat {ay,...,ax} € Blao]|Va,. Thenn(s) = ngy({a1,...,ar}) = jlap) =i. m

Notation 6.10 If R € [w]“ then H(R) is the collection of all non-empty trees T C R<¢
such that succy(s) is cofinite in R forall s € T.

We will need the following folklore facts.

Proposition 6.11 If R € [w]® and T € H(R), then there is A € [R]“ such that
[A]® c [T]. [

Proposition 6.12 cof(FIN?®) = b for every non trivial barrier 8. |

An explicit proof for the previous result about cof(FIN®) where B is a barrier of
finite rank appears in [7]. The same argument works for general barriers.

Theorem 6.13 Homg = max{d, rg} for every non trivial barrier B on w.

ILet ug = ¢ in case that there is no such ultrafilter.
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Proof: We already noted that max{d,rg} < homg, so it is enough to prove the other
inequality. For thislet R = {Rg | 5 € g} be a reaping family for $ and for every 8 €
tglet {Xg | @ € b} cofinal in FINZRs Now by definition of FINZ/%# and Proposition
6.11, for every 8 € rg and every @ € b there are Tg € H(Rg) and A'g € [Rg]“ such
that:

1) TEnxt=o,
@) [A5]@ ¢ [Th].

Now let H = {Aﬁ | B €13 Aa € d}. We claim that H is a homogeneous family for
B.Toseethislet S C B.As Risareaping family for B thereis 8 € rgandi € 2 such that
B|Rg Cppns S'- Now call X == (B|Rg) \ §' € FIN®. Moreover, as X C B|Rg, then
X € FIN®IRs Thus there is @ € b such that X C Xfi and consequently X N Tf = 0.
Also we know that [AP]« € [T?], 50 X N (B|A®) = 0. Indeed, if b € X N (B|AP),
then thereis Z € [Aﬁ] “suchthatb C Z and,as Z € [Tg], thenb € Tg N X, which is
a contradiction. This way we have that B|AB C B|Rg < S"U X and (B|A§) NnX=0,

) BIA’?, C S and we are done. [
Question 6.14 Is homg = hom, for every non trivial barrier B?
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